Algebra Qualifying Exam
August, 2012

Please answer all 10 problems and show your work. Each proislevorth 20 points. In your proofs, you may
use any theorem from the syllabus for Algebra, except ofsmyou may not use the fact you are trying to prove,
or a mere variant of it. State clearly what theorems you usedduck.

1. Let G be a group of ordepqr, wherep < g < r are distinct primes. Prove that a Sylovsub@@yup

5. LetF be a finite field of cardinality and letV be a four-dimensional vector space o¥er The
groupGL(V) ~ GL4(F) acts onv . LetU be a two-dimensional subspacevof Compute the order of
the subgroudg € GL(V) : gU = U} and determine the number of two-dimensional subspacés of

6. LetR be a commutative ring with identity arldJ two ideals inR. Prove that

Torf(R/1,R/J) ~ (1 N J)/1J.

7. LetR = F[x] andS = K|[x] be polynomial rings over fields andK, whereF is a subfield of

K. Supposév E=F is a Galois degree 3 extension of fields aQdF is a NOI
Galois degree 4 extension of fields and the composkUinis Galois ovelF . Either prove that suc
situtation is impossible, or give an example of stGHe, K and prove that your example works.

9. LetR be a noetherian commutative ring with identity &ad R = S¢
the ring of invariants.

(a) Prove thas is integral oveR.

(b) Let k be a field and suppose th&tis a finitely generate#-algebra, and thaG acts onS vi
k-algebra automorphisms. Prove tlfais a finitely generate®-module.



